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THE PARADOX OF VOTING WITH INDIFFERENCE: 
Some Implications of Transitivity Assumptions 

Eric M. Uslaner 

Introduction 

The paradox of voting, first discovered in the eighteenth century 
(see Black, 1958 and Riker, 1961 for discussions of historical 
background) resurfaced in the mid-twentieth century in seminal 
works by Black (1958) and Arrow (1951). They demonstrated that 
for an odd number of individuals and at least three' alternatives in a 
society, there is no "democratic social welfare function" which can 
guarantee that transitive individual preference (and indifference) 
relations will generate a transitive relation for the entire society. 
While the result for the paradox of voting holds for both the 
preference and indifference relationships, the emphasis in discussions 
has been on the fonner virtually to the exclusion of the latter. In this 
paper, my concern will be with the effects of individual indifference 
on the paradox of voting in particular and the general question of 
agg-regating individual preference-indifference orders into collective 
choices for a society. This will entail examining the logic of the 
paradox of voting under indifference, assumptions about the 
transitivity of the indifference relation, alternative conceptions of 
the meaning of indifference, and the question of how allowing 
individual indifference affects the probability of reaching a collective 
decision. 

To discuss this, consider the argument behind the problem of a 
cyclical majority, the "end result" of the paradox of voting. First, 
consider only strong orders, i.e., only preference relations. The 
problem which a social welfare function is to resolve is the 
detennination of a transitive social order among three or more 
alternatives by aggregating the preference orderings of three or mo re 
voters in such a way that the preference of no single voter (or outside 
dictator) implies a particular social choice. Indivirlu~i nrpf~NIInl'e:>~ m· 
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profiles, are assumed to be transitive. Designate individual i's 
preference for alternative x over alternative y by xPiY - a.nd his 
preference for y over x by yPix. Further, assume that the relation is 
connected and reflexive: Le.; either xPiY or yPix, but not both. A 
connected, reflexive, and transitive order for individual i over the 
alternative triple [x, y, z] such that xPiY and yPiz implies that xPiz. 
The profile for i cor-responding to the above preference ordering is 
designated as xyz. 

Without placing any restrictions on admissable profiles, can a set 
of transitive individual preference orderings guarantee the generation 
of a "democratic" profile for an entire society (which may be as 
small as three members) which is itself transitive? To see that it 
cannot, consider the following profiles for three individuals: xyz, 
yzx, and zxy. A majority of individuals prefers x to y; a majority 
prefers y to z. For a transitive social preference ordering, we thus 
require that a majority must prefer x to z. However, the profiles 
reveal just the opposite to be the case: A majority prefers z to x. 
Thus, the assumption of transitivity (at the level of the society) is 
violated and we have a cyclical pattern of dominance among the 
three alternatives. 

The situation can easily be generalized to weak orders, i.e. 
relations which allow an individual either to prefer one alternative to 
another or to be indifferent between them. We denote this relation 
by xRiY, which means that alternative x is viewed by individual i as 
at least as desirable as alternative y. I.e., xRiY = xPiY or xIiY, where 
Ii indicates that individual i is indifferent between a pair of 
alternatives. Thus, xRiY -+ tV yPix. If we assume that the weak order 
categorized by xRiY and yRiz must be transitive for all i, t.h.en it is 
still possible to derive cycles such that zRix. Indeed, the possibility of 
a paradox of votrngincreases markedly because now we have many 
more possible orderings to consider. If we restrict our attention to 
strong orders, we can only derive six possible profiles for three 
alternatives, all of which are consistent with the assumption of the 
transitivity of individual preferences. When we consider weak orders, 
however, there are 27 possible outcomes, only 13 of which are 
consistent with individually transitive relations (for both preference 
and indifference.) These are listed in Table 1. However, these 13 
possible outcomes represent a more complicated situation than the 
six situations which might result from strong orders. 

The problem of obtaining a social welfare function for individual 
weak orders is complicated by the large number of intransitivities 
which can be obtained for the three-valued alternative, on the one 
hand, and the possibility of a social choice which is itself indifferent 
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Tsble I 

TrlUlsitive IDdividual Weak Orders-

zPy ypz xPz 

xPy yIz xPl: 

x...Py zPy zPx 

xPy zPy xlz 

xPy zPy xPz 

xll' ypz xPz 

xIl' l'Iz xlz 

xll' zPy zPx 

l'Px l'pz zPx 

yPx ypz xlz 

yPx ypz xPz 

yPx ylz zPx 

yPx zPy zPx 

·subscripts deleted 

over two or three alternatives. Such intransitivities and societal 
indifferences seema priori to reduce substantially the proportion of 
cases in which there is an unambiguous collective choice as the 
probabjlity that an individual will be indifferent over any pair of 
alternatives increases. Restricting our criterion to a social decision 
function (in which we only require the aggregation me chanism to 
produce a single social choice instead of an entire transitive ranking), 
we can somewhat reduce the probability that no alternative will be 
uniquely preferred, and treating the collective indifference relation as 
intransitive will amount to employing a social desicion function to 
arrive at a collective decision when a cycle involving indifference 
occurs. 

This paper \vill be to treat individual indifference as a transitive 
relation. The literature on social choice theories is divided on the 
question of how to treat individual indifference. There are persuasive 
arguments by Majumdar (1958) and Fishburn (1970,1973), that the 
x1iY (individual i is indifferent between alternatives x and y) relation 
should not be constrained to meet the assumption of transitivity. 
The logic behind these arguments is that there is a very fine line 
between an individual's decision to prefer x to y and a possible 
alternative decision to be indifferent between them. Specifically, the 
distinction may be so small that only a "just noticeable difference" 
(jnd) between two alternatives may yield a preference relation for 
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one individual, whereas another member of society may not be able 
to draw such a distinction so easily. Thus, what may appear to be a 
relatively straightforward choice for some members of society may 
not be so easily made by others. 

Nevertheless, I shall adopt the position that individual indifference 
relations should follow the assumption of transitivity. This posture 
shall be taken to simplify what shall nevertheless be a quite complex 
description of alternative social states if collective indifference is not 
required to be transitive. This paper will thus be concerned with the 
following problems: (1) what are the effects on social welfare 
functions if we assume that collective indifference relations are 
transitive?; (2) what are the effects on social decision functions if 
we drop the assumption of transitivity for collective indifference 
relations?; (3) how do we treat alternative interpretations of 
collective indifference (three of which shall be outlined below); and 
(4) to what extent does the probability of (transitive) individual 
indifference relations between pairs of alternatives affect the 
possibility of obtaining a unique social choice, on the one hand, or 
an undominated set of choices, on the other hand, under the varying 
assumptions of whether collective choices are assumed to be 
transitive for the indifference relation? Throughout this paper, we 
shall assume that we have an impartial culture. I.e., Pi*(xPiY) = 
Pi*(yPix) for all i, where Pi * is the probability of the event for all [x, 
y]. This is a relatively standard assumption in examinations of the 
paradox of voting, although it is quite restrictive. Again, the basic 
justification for employing an impartial culture is to simplify the 
model in the early stages of its development. Buckley and Westen 
(1974) have examined the probability of obtaining the paradox 
under partial cultures, but they do not allow for individual weak 
orders. The complexities of their model, which is itself a preliminary 
one, provide a note of caution in attempting to accomplish too many 
far-reaching results at once. 

The evaluation of the probabilities for 25 values of Pi(xIiY) is 
obtained through a computer simulation initially designed by Uslaner 
(1974) and refined with Richard G. Smith (1974) both 
computationally and conceptuallyl. I.e., the earlier paper 
underestimated the frequency of the paradox of voting for large 
values of Pi and also did not even attempt to distinguish among 
alternative meanings of the results for collective indifference. In this 
paper, we shall consider societies as small as three members and as 
large as 75 (which is a reasonable asymptote for results 
corresponding to an infinitely large population). Only three issue 
alternatives will be examined. The discussion of the simulation 
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routine will be presented below. First, we should address the central 
conceptual problems which arise when: (1) we consider social 
welfare functions under situations involving weak orders; (2) the 
interpretation of indifference is allowed to take on different 
meanings; and (3) the assumption of transitivity for collective 
choices is relaxed. 

The Paradox of Voting and Individual Indifference 

The 13 orders for a society when individual indifference is allowed 
to occur but not to violate transitivity produce a set of possible 
outcomes which can be categorized into seven distinct categories. In 
this section of the paper, I shall discuss each of the possible 
categories in theoretical terms; the next section will present the 
simulation results. The theoretical discussion is of importance 
because it will introduce some complications into social choice 
theory which have not been discussed within a single framework in 
the previous literature, particularly under alternative conceptions of 
what the collective indifference relation means. Before entering such 
a discussion, however, it will be useful to demarcate the possible 
alternative meanings of collective indifference. 

Spatial models of party competition have considered two 
alternative conditions for abstension : (1) indifference among a set of 
candidates and (2) alienation of the voter from the set of candidates 
(Hinich et al., 1972), Hinich and Ordeshook, 1970). The 
interpretation of indifference in more general social choice situations 
as comparable to abstention in elections is consistent with the 
approach of spatial models since the term "indifference" has been 
used quite loosely throughout the literature. Spatial models 
distinguish between indifference and alienation in that the former 
term indicates that the voter simply does not prefer one candidate to 
another. Alienation, on the other hand, occurs when the voter's ideal 
point is at such a distance from the position(s) taken by the various 
candidates that there is no benefit seen by voting at all. Spatial 
modeling terminology thus permits us to draw the following 
distinction: (1) "indifference" -based abstention may be considered 
to represent a situation in which all alternatives are viewed as 
(relatively) equally desirable; while (2) "alienation"-based abstention 
can be considered to represent a situation in which all alternatives· are 
viewed as (again, relatively) equally distasteful. In electoral systems 
which permit the voter to cast a blank ballot (such as the French), 
one can attempt to distinguish between "indifference" and 
"alienation" by measuring the latter as a function of the number of 
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blank ballots cast (Rosenthal, 1975)2. The more generalized 
literature on social choice theory does not make such a distinction, 
however. 

The indifference relation, xIiY for individual i or xIy for a society, 
does not distinguish between equally preferred and equally detested 
alternatives. As such, it does not consider the possibility that 
individuals who find the various alternatives equally attractive might 
be considered to have "abstained" in the voting process when the 
aggregation of individual choices into a collective decision is 
formulated. Such abstentions may then result in a greater probability 
of obtaining a social choice than if such "indifferent" voters had 
their ballots counted equally to those who have strong preferences. 
This treatment of the indifference relationship clearly does not 
require it to satisfy transitivity for the collective social choice. If, on 
the other hand, we treat abstention as based upon alienation, we 
should consider indifference in more general social choice theory to 
reflect a distaste on the part of individuals (and possibly the entire 
collectivity) for some or all of the alternatives posed, even though 
there may be some alternatives which are pairwise preferred to 
others. In such situations, we want to insist on the transitivity of the 
social preference ordering (since "blank ballots" are considered 
legitimate in electoral systems which provide for them), thereby 
increasing the probability that a collective decision will not uniquely 
prefer one alternative to all others. 

There is, however, a third possible interpretation of societal 
indifference. Let n(aRb) denote the number of people in a society 
who either prefer a to b, or are indifferent between them (given 
either interpretation of indifference discussed above). Then, suppose 
that: n(aPb) = n(bPa) or n(aPb) = n(aIb), where [a, b] represent any 
and all possible pairwise combinations of the triple x, y, z. We denote 
either of these relationships as aEb : I.e., the number of people who 
prefer alternative a to alternative b is equal to the number of people 
who prefer (or are indifferent between) b to a. May (1952) and 
Pattanaik (1975) treat such relationships as equivalent to the regular 
indifference relation. However, it is not clear that such an 
interpretation is desirable. Under the first interpretation of the 
indifference relation, we assumed that for at least some pair of 
alternatives, the various members of a society consider alternatives a 
and b equally desirable; the second interpretation finds a majority on 
some pairwise comparison finding a and b equally repugnant. Now 
the aEb relation, particularly as it relates to strong orders, says 
something quite different: There is no majority indifference (or 
preference), but rather an equal number of members of society 
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prefer a to b as prefer b to a. For each subgroup, (aPgb) and (bPh a) 
- where g and h are subgroups of the total population, the degree of 
intensity for the preference may be quite strong. 

Even ex tending this logic to weak orders requiring transitive 
individual indifference relations, it is clear that there are varying 
degrees of collective indifference. Indeed, the aEb relation can be 
considered to represent indifference only in the sense that it does not 
provide a basis for determining a preference relation among a set of 
alternatives. Otherwise, it seems to be quite different from the other 
meanings of indifference we have considered. The aEb relationship, 
unlike alb, is clearly required to follow the transitivity condition for 
collective choice. We shall see below that this leads to a situation in 
which the probability of obtaining a consistent social decision 
function is decreased, although this occurs through the indifference 
relation rather than the more traditional paradox of voting. The 
interpretation of such an intransitivity as societal indifference is 
chosen because it seems the most plausible, on the one hand; on the 
other hand, it is interesting to note that intransitivities can produce 
situations L'1 which the indifference relationship seems to be mo re 
justifiable than the paradox. 

Having discussed the various meanings of indifference, I tum now 
to a discussion of the seven categories of outcomes which can result 
from the 13 possible weak orders which satisfy individual transitivity 
for both preference and indifference. In the discussion below, the alb 
notation will be employed for both of the first two meanings of 
indifference. The possible outcomes are : 

(1) Choice: aPb, bPc, aPc. This, of course, is the familiar result 
which will be obtained if we assume only strong individual orders. It 
is obviously a potential outcome even allowing for individual 
indifference. 

(2) Strong Indifference: alb, bIc, ale. There is no societal choice 
regardless of transitivity assumptions Each alternative is equally 
desirable or repugnant to the others by pairwise comparisons, at least 
as mea.sured on an ordinal scale. 

(3) Weak Indifference: aPe, bPc, alb. There is a tie for first place 
betweEn alternatives a and b in the sense that the indifference 
relation does not allow us to discriminate between a and b, both of 
which are preferred to c. No violation of the transitivity of the I 
relationship is involved, even if both a and b are considered 
undesirable by a majority of voters. Each alternative is still preferred 
to alternative c. 

(4) Moderate Indifference: Either (1) aEb, bEe, aEc; or (2) aEb, 
bEc, alc. In the first instance, these is a violation of transitivity and 
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society is indifferent among the three alternatives but not, as in 
strong indifference, because alb, etc. is the social choice. R.ather, 
whatever cycles there are affect each outcome equally and reflect an 
even balance between support for various alternatives. The second 
case of moderate indifference is a more sharply drawn instance of 
intransitivity, since it involves the I relation explicitly (whereas it is 
possible not to use the I relation in the first case); however, the 
overall result is the same. 

(5) Pseudo-Weak Indifference: aPb, bPc, aE*c or cE*a, where E* 
is the E relation involving n(aPc) = n(aIc) such that n(aPc) > n(cPa). 
Whereas weak indifference does not violate the transitivity of the I 
relation for a collective choice function, pseudo-weak indifference 
does. If we do not require the transitivity assumption to hold, then 
society's most preferred outcome is alternative a. Thus, what appears 
to be an instance of weak indifference (if one adopts the 
May-Pattanaik view of indifference stated above) is either a violation 
of transitivity in which the I relation is the societal result for the 
same reasons as given for moderate indifference or there is a social 
choice if the transitivity assumption is dropped. 

(6) Pseudo-Paradox : aRb and aRc such that it is not the case that 
both aPb and aPc. This is what Klahr (1966) calls a "type 1 
paradox," i.e., there is a preferred alternative from the triple [a, b, c], 
but there is a cycle among at least (n-1) of the n alternatives (only 
n-1 if strong individual orders are required; the cycle may be 
complete for weak orders depending upon whether the assumption 
of collective transitivity is assumed). For this analysis, the 
pseudo-paradox will be considered to be a paradox of voting for 
transitive I relations, but will yield a social decision function if I is 
not transitive. 3 

(7) Paradox: All remaining outcomes. By process of elimination, 
all of these cycle to yield what Klahr calls a "type 2 paradox", i.e., 
the classical cyclical majority. 

Thus, even assuming that the individual indifference relation must 
satisfy the property of transitivity, we have a much more complex 
situation than in analyses which only consider strong orders. The 
question to be posed next is : What are the implications of allowing 
individual indifference (under alternative meanings) to enter into 
calculations about the possibility of reaching a choice for a 
collectivity? Tullock (1967 : 37-49) has argued that the paradox of 
voting is not a very important problem from the perspective of social 
choice theory since the probability of its' occurence is not high. 
However, allowing for individual indifference complicates the 
problem in two ways: (1) there are cycles involving the I-relation; 
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and (2) even if we do not consider cycles involving the I-relation, the 
possibility that one or more of the types of indifference may prevent 
the attainment of a collective choice has potentially disturbing 
consequences. While any of the four possible indifference relations 
may not be normatively disturbing to some observers who are 
content as long as the selection process for an alternative is itself 
nonarbitrary, others may find the consequences of no societal choice 
due to one of the indifference relations to be either: (I) disturbing, 
in that no choice is generated by the social welfare function when 
the function is adopted to provide such a selection; or (2) distasteful, 
in that whatever choice may be generated by a society may be 
strongly opposed by a large enough segment of society to deny that 
alternative a majority or plurality either under a social welfare 
function or even a social decision function. In any eventJ the 
problem of reaching a collective decision is certainly complicated by 
the introduction of individual indifference into the model and 
comparisons of the results for strong orders are certainly important. 
It is to this problem that I now tum. 

Estimating Societal Choices with Indifference 

How frequent is the paradox of voting? For impartial cultures 
with varying sizes of society and number of alternatives, direct 
mathematical estimates of the paradox have been provided by Black 
(1958), G. Th. Guilbaud (1952), Niemi and Weisberg (1968), 
Garman and Kamien (1968), DeMeyer and Plott (1970), May (1971), 
and Hansen and Prince (1973). Monte Carlo approaches have been 
emplo~ed by Campbell and Tullock (1973), Klahr (1966), and 
Pomeranz and Weil (1970). In general, the simulation results appear 
to approximate the analytic results very well. Direct mathematical 
solutions are to be preferred since they are exact, but the complexity 
of the mathematical formulae sometimes makes this approach 
infeasible.- For the present situation, even with all of the simplifying 
assumptions employed, this si certainly the case. For the 13 possible 
outcomes obtainable by assuming that individual indifference is a 
tra..?tsitjve relation, we must consider a multinominal expansion which 
not only requires knowledge of the probability that a given outcome 
will occur (which is not problematic), but also which is constrained 
by a set of equations which require that the probabilities of each 
collective outcome reflect the probabilities of individual decisions. 
This is perhaps the most complex of the problems which make a 
direct solution intractable. 

Thw, a Monte Carlo method is adopted to derive estimates of the 
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various collective outcomes discussed above. We consider a 
three-alternative situation. The simulation allows Ph the" probability 
of individual indifference to vary from zero to unity; 25 values of Pi 
are employed in the simulation (1.000 being omitted, since it will 
always, by definition, yield strong indifference) and these are listed 
in Table II below. The various values were selected so that the tails of 
the distribution could be examined in particular depth, since it is at 
these extreme values that variations in the results are the most 
interesting (as well as seemingly the most likely to produce more 
than incremental ('hanges). 

Table II 

Values at the Probabil11:7 at 
Individual. InditteNDce Used 

in the SimulatiOl1 

.000 

.001 

.010 

.025 

.050 

.100 

.150 

.200 

.250 

.300 

.333 

.'-00 

.450 

.500 

.550 

.600 

.661 

.700 

.750 

.800 

.850 

.900 

.950 
·915 
,990 

The simulation routine developed has each individual "select" a 
profile from the 13 transitive preference orderings through 
calculation of the probability that the profile in question will 
actually be drawn and comparison of that probability (actually, the 
cumulative probability of the jth profile, where j = 1, 13) with a 
figure drawn from a uniform random number generator. The 
simulation can handle impartial as well as partial cultures, but here 
the probability calculations become somewhat more complex. For an 
impartial culture, the probability that any of the 13 individually 
transitive orders will be selected can be readily detennined (Uslaner, 
1974: 43; Smith, 1974: 4). First, consider only those profiles in 
which the indifference relation is not found (profiles 1, 3, 5, 9, 11, 
and 13 in Table I). Let Pi be the probability of individual 
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indifference for individual i for 3.i"1Y dyad of aUernati<Jes" subject tOo 
the constraint of an. impartial culture and let qi =. {I - Pi}!2~ Then~ 
for these outcomesS' we have the following probability for eacll 
possihle profile : 

For the profile in which an individual is indifferent over the entire 
set of alternatives (number 7 in Table l)~ the probabilit-y of select:mg 
that outcome for a..~ impartial culture is simply Pf. Finally, for tne 
remaining ballots, we have the probability: 

Before discussing the simillation results, it will. be instructive to 
compare the computed probabilities of the paradox of voting in this 
study Vioith both analytic and other Monte Carlo simulations. These 
are presented in Table HI for societies of three, five, seven, rune, and 
eleven members. A sample size of 1000 was employed for this study, 
so that the results are only significant to one decimal point. The' 
limitation of the number of Hsoeietiesn considered was dictated 
largely by the m,e of the problem in comparison to other :results 
which only consider the probability of the paradox with Pi = .000_ 
Indeed t these are the only comparisons which can be made~ This 
sample size is the same as that of Campbell and Tullock (1963)" but 
Pomeranz and Wen (IS-7U) employed samples of 15,000 while Klahr 
(1966) utilized 10:1:000 s-ocieties_ The results in Table III indicate that 
the simulation performs better than the Campbell-Tullock one 
except for seven-member societies where the present results: 
underestimate the probability of the paradox and the 
Campbell-Tullock simulation overestimates this probability ~ Except 
for this aberrant case" the simulation perlonns at. least as well as the 
others {and bett-er in some cases:} than do the ones: with larger 
samples~ The study by Uslaner (1974h hased upon a sample o-f 
lOO"O()O societie·s~ is identical in design to the present work for Pi = 
o and the results for that simulation at the .05 confidence level are 
within M003 of the popUlation values_ For these results:. even the 
seven-member society is predicted remarkably wen in correspon­
dence with the analytic resultsr Hence~ the simulation appears: to 
provide very satisfactory results,. I tum now to an &&."'TIination of the 
various possible outcomes for the 25 values of Pi seIected~ 
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Results of the Analysis 

In this section, we shall consider the results of simulations for 
societies composed of 3, 5, 9; 25 and 75 members under the 
assumptions of both transitive and intransitive collective indifference 
and under the various meanings of "indifference". Five societies with 
different numbers of members have been selected from a larger set 
for which results have been obtained to highlight some general 
trends. The overall results of the analysis are presented in Table IV. 
Table V presents the probabilities obtained by treating the I relation 
for a society as transitive; Table VI presents similar probabilities for 
as intransitive I relation in which pseudo-weak indifference and 
pseudo·paradoxes are assumed to yield a collective choice3 but 
moderate indifference is treated as a separate outcome which is 
assumed to yield collective indifference as the societal result. The 
probability of an intransitive outcome is thus simply the probability 
of a cycle when the probability of individual indifference equals 
zero. Thus, Table V considers the I relation to reflect equal 
dissatisfaction with the varying alternatives which may be considered 
to be nonimposed; Table VI also takes into account the potential 
variations in individual choices which correspond to "indifference" 
in spatial models but considers ties between alternatives to be 
fundamentally different from such indifference. 

For a three-member society, the probability of a collective choice 
is monotonically decreasing once Pi becomes non-zero. The sharpest 
rate of decrease occurs in the interval of (.333, .55), which we shall 
discuss in further detail below. On the other hand, strong 
indifference is virtually nonexistent for small values of Pi' although it 
begins a sharp increase for moderate values and is the most frequent 
result after Pi = .60. Weak indifference increases up to Pi = (.25, .30) 
and decreases monotonically thereafter. Moderate indifference, like 
its weak counterpart, also has a curvilinear relationship to Pi and is 
not a dominant outcome under any conditions. Pseudo-weak 
indifference is not found at all for a three-member society, which is 
understandable given the very low probability of a tied result for 
such a small group. The paradox, interestingly, has another 
curvilinear relationship with Pi' peaking at .45. Note that the 
curvilinear results tend to peak at similar points; this will become 
even more evident for larger societies. It will be discussed below in 
the light of an analytic result due to Mahoney (1974). 

The probability of a choice for a five-member society has a similar 
functional form to that for a three-member society, except that the 
slope of the downward trend becomes larger at a lower value of Pi 
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and tile overall descent is much steeper. On the other hand, strong 
indiff~rence displays a similar tendency but in the opposite 
direction: It has similar probabilities for lower values of Pi' but the 
rate of increase is greater than for three-member societies and the 
strong I relation more quickly dominates all other outcomes. Weak 
indiffErence peaks at the same Pi as for three member societies, 
although it seems to be a less likely outcome overall. Moderate 
indiff~rence increases sharply from the results of a three-member 
society and peaks considerably later (.55 to .60). A five-member 
society seems considerably more likely to generate tied results for 
the various dyads than does a three-member one and, as we shall see, 
for larger societies as well. This result is not as anamalous as one 
might think: The larger the society, the lower the probability that 
any tViO alternatives in a triple such as [aPc~ alb, bPc] will be exactly 
tied. Given the transitivity of individual profiles, we can effectively 
rule out the possibility that all possible relations will be tied, as in 
one of the variants on moderate indifference, for a three-member 
society, but not at all for one with five voters. Pseudo-weak 
indiffErence also peaks in the vicinity of .33, but here the pattern is 
somevvhat erratic (due in part to the sample size.) Finally the 
parad()x is more frequent for a society of five voters that it is for one 
of three, a not unexpected result, given the deterministic solution; 
but, once the probability of a cycle begins to decline (Pi in the 
vicinity of .40 to .45.) the rate of descent is greater for the larger 
society. What is obviously occurring is that, as the size of the society 
becomes larger, the various indifference relations (and particularly 
strong indifference) tend to increase more strongly with Pi' thus 
lowering probabilities both of a collective choice and a paradox. 

For a nine-member society, we find the rate of decrease for a 
collective choice to be smaller that for smaller groups at low to 
modeJate values of Pi' but much greater at an beyond .50. Indeed, 
the probability of a transitive social welfare function is zero at Pi = 

.800 and less than .010 for Pi = .60. Strong indifference remains 
negligible for small values of Pi' but begins a rapid increase in the 
neigh lJorhood of .45. Both weak and moderate indifference have 
curvil:inear relationships with Pi' the former peaking in the range of 
(.25, .333) and the latter at .55. Pseudo-weak I is not very probable 
at all, but also has a skew-symmetric distribution which is for a given 
interv al, unimodal. Finally, the paradox has a similar distribution, 
but at Pi = .50 reaches the largest values we have encountered so far 
in TallIe IV: .370. It is obviously the case that as the number of 
alternatives increases, so does the probability of an intransitivity. 
However, subject to domination by the various I relations when Pi is 
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sufficiently large, cycles appear to be considerably mo re probable 
when indifference is entered into the problem. This is hardly 
surprising since the number of possible cycles has been increased. 

Consider together, now, the results for societies of 25 and 75 
members. Both are large enough so that the results for strong orders 
very closely approximate the asymptotic derivations for infinitely 
large samples. In each case, we see that the probability of a collective 
choice is much higher than observed for smaller samples, even for 
moderate values of Pi. However in the interval (.333, AD) there is a 
precipitous drop in the probability of a collective choice in a 
step-function fashion and this probability rapidly decreases to zero 
for values of Pi which themselves do not seem very high. While strong 
indifference is virutally non-existent for individual probabilities of 
indifference in which there is likely to be a collective choice, there is 
a similar step~function increase in the strong I probabilities at Pi = 
.50 for a 25 member society and Pi = 045 for 75-member societies. 
The rise of the probabilities once again occurs in the vicinity of Pi = 
AO. Weak and moderate indifference both have curvilinear relations 
with Pi' and for both 25 and 75 member societies the effects of each 
type of indifference are considerably dampened in comparison with 
smaller groups of voters. In particular, both types of indifference 
seem to decrease at approximately the same points that strong 
indifference becomes the dominant outcome. Pseudo-weak 
indifference is much less important in either society. While never 
even attaining the ten percent level for any value of Pi and any 
number of voters considered (the maximum is .092 for Pi = .30 in a 
five-member society), the logical problem raised by this type of 
relationship cannot simply be waived away. Fortunately, for the 
theory of collective choice, the magnitude of the problem is not is 
not great, particularly in societies with relatively large numbers of 
voters. The paradox has skew-symmetric unimodal distributions for 
both societies, with distributingly large values: approximately 40 
percent of all outcomes yield cycles in the (040, .45) range for the 
two larger societies. For some values of the probability of individual 
indifference, then, the paradox of voting does pose a formidable 
problem for collective decision-making if the I relation for a society 
is transitive. As strong indifference overwhelms the paradox and 
social choices, however, the problem dissolves for sufficiently large 
values of Pi these usufficiently large" values are not so very much 
greater that those for which the strong I relation holds, on the one 
hand, or not too much smaller than those for which these is a social 
welfare function satisfying transitivity for reasonably large societies. 

These results indicate that there are three primary results for the 
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paradox of voting with transitive individual and collective 
indifference and reasonably large societies: a social choice, a cyclical 
majority, or strong indifference. The remaining types of indifference 
are not critical for large societies for virtually any value of the 
probability of individual indifference. A fascinating pattern has 
emerged, however. When we observe turning points in curvilinear 
relations Of, in particular, sharp increases or decreases in slopes (in a 
step-function fashion), these points tend to occur in the vicinity of Pi 
= 040. Indeed, as the societies under consideration become larger, 
such points tend to cluster more closely around this value than they 
do for smaller groups. What is the significance of this finding? 
Substantively, there is nothing which appears intuitively appealing 
about 040 as a critical point. However, the importance of these 
Monte Carlo findings is highlighted by an analytical result in an 
unpublished work by Mahoney (1974 : 7), which establishes that for 
an impartial culture and an arbitrarily (i.e., virtually infinite) large 
society, the value of Pi needed to ensure (Le., with a probability of 
unity) that the societal result will be strong indifference is .38829. 
Note that this result holds only asymptotically and for impartial 
cultures in which the indifference relation is treated as transitive 
(although the estimation of the probability involves the possibility 
that the 14 outcomes which are intransitive of the total of 27 will 
occur) . 

. However, the import of the result, at least from the results 
presented here, goes beyong that of what Mahoney demonstrated. In 
particular, it appears that as Pi approaches the critical value, the 
paradox of voting will become more important and the probability 
of a choice will begin to decline. Both will, drop precipitously as the 
critical point begins to be reached and only societal indifference will 
occur at and after that point. Mahoney did not make the distinction 
between the probability of the paradox occurring and that of a social 
choice because his analysis, based on impartial cultures, treated the 
probability that any particular outcome will occur solely as a 
function of the likelihoods of given profiles. No attempt was made to 
distinguish the behavior of any profiles other than strong 
indifference and other strong orders (i.e., not including the 
indifference relation). 

If we consider the I relation to be transitive from the perspective 
of collective decisions, we note that: (1) except for very small 
societies, the intransitivies which may arise are much more likely to 
be a function of the paradox than of moderate indifference; and (2) 
the results presented in Table V indicate that only for the larger 
societies does the value of·Pi = 040 even approach the point at which 
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the probability of an intransitivity begins to decrease. Yet, once this 
probability begins to drop, the fall is precipitous, particularly in 
comparison to the gradual rise in the probability of a cyclical 
majority for smaller values of Pi the probability of a transitive 
indifference (Le., strong or weak) occurring increases, albeit not 
al'ways monotonically given the undersized number of samples, with 
Pi' For a three-member society, however, this probability does not 
reach beyond one-half until fully two-thirds of all dyadic responses 
favor the indifference relation. For a 75 member society, on the 
other hand, the half-way point is reached in the intelVal (.45, .50) for 
Pi' whereupon the probability of a transitive indifference reaches 
unity for a Pi of only. 70. But note that moderate indifference and 
pseudo-weak indifference are treated as intransitive outcomes 
(together with the paradox, or course) in Table V. 

Thus, except for the smaller societies, the probability of an 
intransitive outcome is generally quite small except at these critical 
points. For small values of Pi' the most likely result (not shown in 
Table V) is a societal choice; for larger values, transitive indifference 
is virtually assured. But, if the indifference relation is here considered 
to require transitivity at the collective as well as individual level, we 
interpret the transitive I relation to indicate that members may find 
the various alternatives equally attractive and the intransitive I to 
indicate that the members find all equally distasteful. Thus, we treat 
intransitive I relations similarly to the paradox. But the upshot of the 
pro babilities in Table V is that except in the area of the critical 
point(s), the probability of an intransitive result (either 
I-intrli.t'1sitivity or a paradox) is very small. It thus appears unlikely 
that a social choice function will produce a result that is distasteful 
to most of society. If one wants to adopt a rno re extreme position 
and treat all I relations as reflecting equally bad alternatives, then if 
Pi (and, hence, also the corresponding probabilities for the transitive 
indifference outcomes) is large, the question should be whether the 
agenda of alternatives is satisfactory. In this case, we should perhaps 
adjust our concern to how the alternatives being considered yet so 
unpopular got on the agenda, indeed to dominate it, in the first 
place. 

Consider, now, what happens when we relax the requirement that 
the collective I relation be transitive, Here we assume that the 
alternatives over which the collective indifference relation holds are 
deemed to be equally desirable among the members of a society. The 
results in Table VI, which treat all forms of indifference (strong, 
weak, moderate, and pseudo-weak) as yielding a societal I 
relationship and all paradoxes resulting from a violation of 
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I-transitivity as choices indicate that the probability of a social 
choice is markedly increased for even moderat.e values of Pi' 
However, as might be expected, the probability that a choice will be 
obtained decreases as the size of the group increases, except in the 
areas around the critical point (a) and for small values of Pi (where 
the differences across societies are minute). Yet, even for a society 
with 75 members and a probability of individual indifference of .40, 
we still have a .640 probability of a social choice. 

Note that the probability of the paradox drops significantly (not 
presented in the table), since we here assume that the probability is a 
constant equal to the value when Pi = O. Recall from note 3 above 
that even this value of the paradox for Pi > 0 overstates substantially 
the true value of the paradox. So, treating the I relation as 
intransitive over the collectivity, we can dramatically increase the 
probability of a social choice. In the vicinity of the critical point(s), 
however, the I relation begins to dominate the choice outcome, 
somewhat slowly for the smaller societies, but much more rapidly for 
the larger ones. Indeed, for the 75 member society, a Pi = .333 yields 
the probability of societal indifference of only .1000; for Pi = .45~ 
this probability has increased to .512 and is virtually unity when Pi = 
.55. In contrast, the three-member society shows a much more 
pronounced rate of increase for smaller values of Pi and a 
correspondingly lower rate for larger values: Not until Pi = .667 
does the probability of societal indifference exceed seventy percent; 
the ninety percent barrier is not crossed until Pi = .85. Yet, the 
values for the probability of the collective I outcome to: (1) 
dominate the choice relation, and (2) exceed one-half seem to be 
relatively constant over the set of societies. In each case, these results 
occur at the previously identified critical point(s). 

Thus, even though the I relation is not required to satisfy 
transitivity at the level of collective choice, we still have large 
probabilities on societal indifference - as we might have expected 
given Mahoney's result. If we assume that all alternatives are equally 
desirable, then such a situation may not be' very disturbing to the 
democrat whose main objective is to find a social decision function 
which produces results which are neither unposed nor dictatorial. 
After all, if a voter finds all alternatives equally attractive, then is he 
not likely to be content with whatever outcome is ultimately 
selected? 

The problem is not easily resolvable because of the lack of analytic 
results for partial cultures which might be comparable to that of 
Mahoney for partial cultures. I.e., if less than a .40 probability of 
being indifferent between any dyad of alternatives is great enough 
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for large societies always to be strongly indifferent among a set of 
three alternatives, what about the remaining voters who have a 
probability of .60 of either producing a social choice or an 
intransitivity at the level of collective decision-making or who, at the 
individual level, have this same probability of either preferring 
alternative a to b or vice versa? Is this result not somewhat perverse, 
even if we relax the collective I-transitivity assumption? To avoid it, 
need we not also relax the individual I-transitivity assumption? We 
are thus potentially led into an other kind of paradox which seems to 
overshadow the various other kinds of indifference (weak, moderate, 
and pseudo-weak) discussed above: May the individual indifference 
probability's "power" to yield collective strong indifference even for 
moderate levels of Pi (i.e., less than .50) be too overwhelming, so 
that either a paradox is introduced (in the region of the critical 
point) or strong indifference dominates when we might otherwise be 
able to generate a social choice? For an impartial culture, the 
reasuring aspect of Mahoney's finding is that it does occur at a value 
greater than one-third (equiprobability for each individual outcome, 
aPib, alib, bPia). But note how close to one-third the asymptotic 
critical point is. As the number of issues increases and as we depart 
from an impartial culture, how close might we come (or might we 
actually arrive at) an imposed or dictatorial solution? The paradox 
of voting as we have traditionally examined it may not be very 
critical for systems permitting individual indifference, but it does 
raise associated questions of the stability and desirability of 
"democratic" decision rules under alternative assumptions about 
transitivity. 

NOTES 

1 This work is based upon a previous paper (Uslaner, 1974) in which 
work on the paradox of voting allowing for individual indifference 
was begun. Since that time, the conceptual framework in that paper 
has been largely through the efforts of Richard G. Smith, who 
received a Master's degree in Operations Research from the 
Department of Industrial and Systems Engineering at the University 
of Florida in 1974 and John Mahoney, a member of that 
department. Smith originally sought to convert my simulation 
program into another language; in the process, we both developed an 
awareness that the logic in the earlier paper needed to be 
considerably refined. The results presented in this paper were derived 
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by Smith, in part for his thesis (Smith, 1974) and in part for me. The 
conceptual refinement was a joint effort, although lowe no small. 
debt to him. The present paper is quite different from his essay in all 
but the most tangential ways in the discussion of the impact of 
indifference. Furthermore, the logic behind Smith's program closely 
followed that of the one I wrote for the earlier paper. Independent 
of Smith's essay, Mahoney began to work on some formal properties 
of voting bodies suggested by this very problem; see Mahoney 
(1974). I have drawn on his unpublished results only i.rtsofar as they 
are cited in the text. So, while many of the simulation runs discussed 
herein are those of Smith, my treatment of them is different from his 
and particularly my aggregation decisions in Tavles V and VI below. 
Indeed, not every result I wanted was available in the summ ary 
sheets of his results which he provided me (at my request) and many 
of which do not appear in his essay. Cf. note 3 below. 

2 Nevada adopted a similar plan recently. See State Governme nt 
News (January, 1976) : 15. 

3 Unfortunately, the results of pseudo-paradoxes were not available 
for examination here (cf. note 1 above). Thus, I made an assumption 
which is bound to underestimate the true probability of a social 
choice; I assumed that the value of the probability of the paradox 
was a constant equal to the probability when Pi = 0 and subtracted 
larger values of the probability from that. If the simulated values 
were smaller, no additions were made to the social choice estimate. 
This overestimates the probability of the paradox since it assume s 
that paradoxes involving only strong orders are much mo re likely to 
occur than those involving weak orders. Future simulations will 
investigate pseudo-paradoxes as well. Also note that my use of the 
term "type 1 paradox" for a pseudo-paradox is only partially 
consistent with Klahr (1966). We do have a paradox under 
I-transitivity, but not at all if we relax this restriction. Thus, unlike 
Klahr's result in which there is an intransitivity among all but one 
alternatives, the dilemma of an intransitivity here depends upon the 
very nature of the transitive relation itself. 
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